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(54) Method and apparatus for optimal portfolio replication 

(5?) The disclosure relates to a method and ap- 
paratus for determining an optimal replicating 
portfolio for a given target portfolio involves an 
initial step wherein a user defines a target 
portfolio to be replicated, a set of available 
market Instruments from which the replicating 
portfolio may be created, a set of future 
scenarios, a horizon date, and a minimum profit 
to be attained. A representation of the trade-off 
between risk and expected profit for some arbit- 
rary replicating portfolio is then determined and 
used to calculate a maximum risk-adjusted pro- 
fit. The maximum risk-adjusted profit reflects 
that level of return that may be achieved with an 
optimum degree of risk; that is, it reflects that 
point in the risk/reward trade-off where a margi- 
nal cost of risk is equivalent to a marginal 
benefit attainable by assuming that risk. The 
method then uses the predefined set of avail- 
able market instruments to identify a set of 
transactions that will create a replicating 
portfolio that will achieve the maximum risk- 
adjusted profit. The method and apparatus also 
derives the information required to compute a 
risk premium for pricing of portfolios in incom- 
plete markets, and performs the computation. 
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The present invention is directed to a computer- 
based method and apparatus for replication of a port- 
folio; and in particular, to a method and apparatus for 
generating a replicating portfolio with an optimal bal- 
ance of expected profit and risk. 

A portfolio manager controls a portfolio (or 
"book") of equities or other securities that are usually 
traded on an exchange, such as the New York Stock 
Exchange. The portfolio manager must continuously 
adjust the book by making trades aimed at increasing 
reward (that is, profit) while reducing the risk of loss. 
In some cases, the portfolio manager may decide to 
undertake a particular risk where the risk is slight 
compared to the potential reward. As the portfolio 
manager makes trades, the risk and potential reward 
values of the portfolio adjust according to the charac- 
teristics of the changing portfolio assets. 

One way in which portfolio managers in the in- 
vestment field attempt to increase portfolio perfor- 
mance and profit while controlling risk or exposure to 
loss is through portfolio insurance. Various approach- 
es to portfolio insurance are known, such as hedging, 
dynamic hedging, and option or replication techni- 
ques. The principle focus of such techniques is to pro- 
vide downside protection for any exposure inherent in 
the portfolio; in other words, portfolio insurance 
guards against the risk of a dramatic downturn in the 
value of the portfolio. 

A significant disadvantage of present hedging 
methodologies is their reliance on standard assump- 
tions that are often incorrect. These standard as- 
sumptions typically include (a) the price of an under- 
lying asset may be represented by a continuous ran- 
dom variable; (b) there are no transaction costs; (c) 
the market is liquid, complete and arbitrage-free (that 
is, instruments are correctly priced); (d) volatility of 
price movements is fixed or may be represented as a 
known function of time; and (e) discount rates are 
fixed or may be represented as a known function of 
time. 

Using assumptions such as these, Black and 
Scholes developed a dynamic trading strategy de- 
signed to perfectly replicate the payoff function of a 
European option. See F. Black and M. Scholes, The 
Pricing of Options and Corporate Liabilities , Journal 
of Political Economy, vol. 81, 637-654 (1973). The 
Black and Scholes replication strategy is the basis for 
the vast majority of hedging done today. Unfortunate- 
ly, most markets are not continuous, nor is trading 
"f rictionless" (that is, without transaction costs). Mar- 
ket gaps often occur, for example, as a result of price 
changes, volatility changes, and interest rate move- 
ments. For instance, a market gap would occur if the 
Federal Reserve were to announce an increase in its 
prime lending rate while a market affected by that 
rate, such as the New York Stock Exchange, was 
closed. In such a case, interest rates were at one val- 
ue when the market closed, but would be at a second, 



higher value when the market reopened for the next 
sessbn. As a result of such gaps, returns on invest- 
ments are often far from the expected. 

Insurance is generally desired over a time frame 

5 long enough to match the expected period of portfolio 
exposure. Ideally, the portfolio manager is able to ac- 
quire options which are sufficiently long-dated so as 
to provide the necessary insurance over the desired 
time period. Although long-dated options are avail- 

10 able in the over-the-counter (OTC) market, the lack of 
liquidity and standardization for these options makes 
them more expensive than similar exchange-traded 
options. However, since exchange-traded options 
frequently have much shorter maturities than those 

15 desired for long-dated options, portfolio managers 
are nonetheless forced to acquire such options in the 
OTC market. 

Current option or replication techniques enable a 
portfolio manager to create synthetic long-dated op- 

20 tions that satisfy the requirements for portfolio insur- 
ance. A desired synthetic option may be created from 
a combination of various existing cash market instru- 
ments, futures contracts, and exchange-traded op- 
tions. The components of such synthetic long-dated 

25 options may be acquired with significantly less cost 
than equivalent long-dated options available over- 
the-counter, thus lowering the cost of portfolio insur- 
ance. Advantages of such option replication strat- 
egies over dynamic hedging strategies include signif- 

30 icantly lower management overhead and greater pre- 
dictability of transaction costs. 

In addition to creating synthetic securities which 
may or may not have an equivalent in the market, a 
portfolio manager may attempt to construct a portfo- 

35 lio whose value tracks a given market index. For ex- 
ample, a portfolio may be constructed from a set of 
bonds whose values are intended to offset a set of fu- 
ture liabilities or to hedge against losses in a given 
portfolio. This technique is referred to as "portfolio 

40 replication." 

As noted above, dynamic replication based on 
Black-Scholes theory is the primary means used to 
hedge options positions in practice today. Black- 
Scholes dynamic replication is often called "delta 

45 hedging." Such hedges, however, generally fail at the 
very time when hedging is needed most, since the as- 
sumptions upon which these hedges are based do not 
hold true in turbulent markets. Accordingly, a method 
of portfolio insurance is desired that considers all pos- 

50 sible future states of the world. Such a method would 
thus be able to provide adequate protection in the 
face of turbulent market conditions. 

In pragmatic terms, a portfolio manager control- 
ling a given portfolio (i.e., a target portfolio) has the 

55 objective of constructing a replicating portfolio that 
behaves identically to the target portfolio under all 
possible future states of the world. Such a replicating 
portfolio is called a perfect replication. A perfect rep- 
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lication will produce a perfect hedge for the target 
portfolio; that is, a short position in the replicating 
portfolio coupled with a long position in the target 
portfolio will result in no net exposure. In real mar- 
kets, however, perfect replication may not always be 5 
possible. 

An approach to portfolio replication is disclosed 
in R. Dembo, Scenario Optimization , Annals of Oper- 
ations Research, vol. 30, 63-80 (1991) and Dembo 
and King, Tracking Models and the Optimal Regret 10 
Distribution in Asset Allocation , Applied Stochastic 
Models and Data Analysis, vol. 8, 151-157 (1992), 
both of which are expressly incorporated herein by 
reference. This technique employs a regret function 
that measures the expected difference between the 15 
value of a given portfolio and an arbitrary target port- 
folio at maturity. In effect, the regret function meas- 
ures what one can achieve with a decision today 
against what one could achieve with perfect foresight. 
With perfect foresight, all possible scenarios and their 20 
corresponding probabilities are known at the start of 
the period over which a portfolio is to be hedged. Ac- 
cording to the regret function, a replicating portfolio 
with a zero regret value will perfectly match the target 
portfolio under all possible outcomes. The regret 25 
function is also useful for determining the value of re- 
sidual or known risk in the replicating portfolio. In mar- 
kets where zero regret is not possible, it is best to ob- 
tain a replicating portfolio that comes as close as pos- 
sible to zero regret. This technique is further descri- 30 
bed in U.S. Patent No. 5,148,365 to Dembo, entitled 
"Scenario Optimization," the disclosure of which is 
expressly incorporated herein by reference. 

A drawback of portfolio replication, even when 
using the regretf unction, is that the technique ignores 35 
the cost of maintaining the hedge. Under Black- 
Scholes theory, for example, the cost of a hedge over 
the lifeofadeal issetto its fair market price; however, 
this relies on many assumptions, including the ab- 
sence of transaction costs. In practice, the assump- 40 
tions required by Black-Scholes have proven to be far 
from valid. Indeed, the cost of a given hedge may be 
significantly higher than what the theory predicts. 
Delta hedging may thus be extremely costly, even to 
the point of exhausting all profits from a particular 45 
trade. In extreme cases, the cost of a delta hedge 
may be high enough to erase the entire annual profits 
of a trading operation. Such situations have arisen of- 
ten enough to warrant the search for an improved 
hedging technique. so 

Known techniques for portfolio replication neither 
control the cost of a hedge nor provide a mechanism 
for trading-off the cost of a hedge against the expect- 
ed quality of protection the hedge offers. For exam- 
ple, a small increase in the cost of a hedge may great- 55 
ly decrease the risk of loss. Thus, an improved hedg- 
ing technique must include a determination of the cost 
of the hedge or replication to enable calculation of an 



expected risk-adjusted profit from the portfolio or 
deal that is being hedged or replicated. 

An ideal starting point for an improved hedging 
technique is a known method for optimally allocating 
available resources in a physical system using a 
mathematical model having at least one parameter of 
uncertain value, as disclosed by the above- 
referenced patent issued to Dembo. Optimization 
methods of this type determine a single solution to a 
desired equation which best fits a desired system be- 
havior. While this result is beneficial, often what is de- 
sired is not a single best-fit solution, but rather a fam- 
ily of solutions where each solution in the family rep- 
resents an expected reward for a given degree of risk. 

Another desirable feature of an improved hedg- 
ing technique would be the ability to detect a market 
instrument whose market value differs from its "true" 
value. Known systems and models are able to detect 
mispricing in a market to a limited extent. For exam- 
ple, it is known to determine whether a security is mis- 
priced relative to market conditions. This condition is 
referred to as "absolute" mispricing. Typically, how- 
ever, models used for portfolio replication are unable 
to determine whether a security in a given portfolio is 
mispriced relative to the portfolio itself, as opposed to 
market conditions. That is, a portfolio manager may 
wish to determine whether an instrument is fairly 
priced relative to the other instruments in a portfolio. 
This type of mispricing is essentially a subset of ab- 
solute mispricing, since any given portfolio is a subset 
of some market 

Finally, an improved hedging technique should 
enable a portfolio manager to determine an expected 
profit relative to the risk associated with attaining that 
profit. When trading securities, it is of course desir- 
able to maximize profits with respect to each trans- 
action. To this end, current hedging techniques value 
securities with respect to market value. Nonetheless, 
because each transaction involves a measurement of 
risk, it is more desirable to value securities with re- 
spect to risk. The improved hedging technique should 
thus seek to determine prof it for a deal by maximizing 
a risk-adjusted profit. 

Amethod and apparatus for optimal portfolio rep- 
lication according to the present invention provides a 
portfolio manager with a hedging tool that incorpor- 
ates these desired features. 

The present invention provides an improved 
method and apparatus for portfolio replication which 
seeks to reach an optimal balance between expected 
profit and the risk involved in attaining that profit. In 
one embodiment, the present invention identifies a 
set of transactions required to achieve an optimal 
hedge by analyzing the portfolio replication according 
to a stochastic model which takes into account the 
trade-off between the cost of the hedge and the qual- 
ity of protection it offers. 

Unlike known delta hedging techniques, the pres- 



3 



5 



EP 0 686 926 A2 



ent invention can produce a hedge that provides pro- 
tection over a range of user-specified scenarios while 
explicitly accounting for the cost of the hedge. Hedge 
cost is computed as the expected profit or loss ac- 
counting for the buy and sell decisions required to 5 
maintain the hedge over its lifetime. Moreover, the 
present invention can describe the risk involved with 
the hedge as a function of the size of the profit to be 
taken out of the position, thus enabling a portfolio 
manager to selectively determine the optimal trade- 10 
off between assumed risk and expected profits. 

A hedge is typically designed to provide protec- 
tion over some predetermined time period. At the be- 
ginning of any such period, there is uncertainty about 
which one of an infinite number of possible future 15 
states will actually occur. Given a target return distrib- 
ution (that is, the profit to be derived from the portfo- 
lio), the objective for a portfolio manager is to struc- 
ture a replicating portfolio that tracks the target return 
(or any other attribute, such as volatility) under all 20 
possible scenarios. The present invention is accord- 
ingly directed to producing a hedge having a smallest 
possible tracking error, or residual risk. Although 
some degree of residual risk is inherent in the uncer- 
tainty of the future state of the world, the present in- 25 
vention does not require arbitrary bounds or improb- 
able assumptions to prescribe a solution. According- 
ly, the replicating portfolio will conform to expecta- 
tions much more closely than is possible using previ- 
ously known techniques. 30 

The present invention adopts a constructive ap- 
proach that explicitly specifies the trades that a port- 
folio manager should undertake to replicate a target 
portfolio. As discussed above, hedging based on 
Black-Scholes theory performs poorly in markets ex- 35 
hibiting gaps in the behavior of market variables such 
as price, interest rates and volatility. A Black-Scholes 
replicating portfolio thus provides only limited protec- 
tion that can be extremely costly in volatile markets. 
Unlike Black-Scholes, the present invention does not 40 
assume that markets behave in a continuous fashion. 
Instead, the portfolio replication approach of the pres- 
ent invention is based on the more realistic view that 
markets behave in discrete fashion. 

In an advantageous variant of the present inven- 45 
tion, a state price vector may be used to derive risk- 
neutral probabilities, and thus a risk-free discount 
rate, that may be used for risk-neutral valuation of 
market instruments. This valuation is advantageous- 
ly free of investor preferences, thereby ensuring a 50 
more accurate result Assuming a set of scenarios 
and replicating instruments with known correct pric- 
es, the state price vector may also be used to detect 
mispricing in a security or a portfolio in a given market 
over a given period of time, again permitting a port- 55 
folio manager to develop a replicating portfolio with 
optimum accuracy. 

A representative embodiment of the method and 



apparatus according to the present invention is a 
computer-based system that generates a replicating 
portfolio in four steps: information gathering, prepro- 
cessing, optimizing, and pricing. In the information 
gathering step, a user identifies certain sets of instru- 
ments and relevant instrument attributes. For exam- 
ple, the user identifies a target instrument or portfolio 
of instruments that has an expected payoff at a spe- 
cified rollover date corresponding to a desired profile, 
a set of instruments that may be used to create a 
hedge portfolio, a current portfolio (if one is held), and 
any new securities to be priced. In addition, the user 
specifies ranges of values for any uncertain parame- 
ters (for example, volatility, yields, beta) to be used in 
calculating the future value of the instruments speci- 
fied. These ranges of values define the future states 
with respect to which the hedge, state price vector 
and risk/reward profile will be created. Finally, the 
user assigns a weight to each of the values in the 
ranges to indicate an estimate of the relative probabil- 
ity of a particular future state actually occurring. 

In the preprocessing step, the system determines 
the probability of each future state as a function of 
the weights specified by the user in the previous step. 
In addition, the system determines the expected val- 
ue at the rollover date of the current holdings (if any), 
the target portfolio and each instrument in the repli- 
cating set, for each of the future states. The maximum 
possible profit that can be extracted over the life of 
the trade is then determined. Using these values, the 
system then creates an instance of an optimization 
model designed to create a hedge portfolio that rep- 
licates the target portfolio with minimum tracking er- 
ror under the specified future states and subject to a 
minimum profit requirement. 

Following the preprocessing step, the system 
uses an optimization method to solve the optimiza- 
tion model, with the minimum required prof it set to the 
previously-determined maximum possible profit. The 
result of this optimization is a replicating portfolio and 
a corresponding minimum regret, or tracking error. 
The replicating portfolio, minimum regret and mini- 
mum profit are then displayed to the user on an ap- 
propriate output device. The replicating portfolio de- 
scribes a set of trades required to create a portfolio 
having a minimum tracking error for the required mini- 
mum profit. In otherwords, the replicating portfolio in- 
structs the portfolio manager how to create a portfo- 
lio that ensures, to the maximum extent possible, that 
the required minimum profit will be achieved. 

According to one embodiment of the present in- 
vention, the risk-adjusted profit associated with the 
replicating portfolio may then be maximized, and the 
state price vector and risk neutral probabilities deter- 
mined and saved to a memory and/or displayed on an 
output device. It is possible that the optimization 
method may generate a replicating portfolio where 
the expected profit over the life of the trade does not 
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exceed the minimum required profit. In such a case, 
the minimum required profit is reduced and the optim- 
ization procedure is repeated. Where the expected 
profit does exceed the minimum required profit, it can 
be assumed that the minimum regret over all feasible 
values of minimum profit has been explored. 

In the final step according to this embodiment, 
the state price vector may be used to establish a price 
for a new security that is consistent with a portfolio of 
instruments with known prices. This new security 
may be, for example, a synthetic long-dated option. 
The appropriate price of the new security is then out- 
put to an appropriate device. 

The present invention, by using models which as- 
sume that a market behaves in discrete fashion, pro- 
vides a portfolio manager with a set of specific buy/sell 
recommendations that maximize risk-adjusted profit. 
The portfolio manager may then execute these rec- 
ommendations to create the replicating portfolio. In 
addition, the portfolio manager may obtain a 
risk/reward profile for a portfolio, a state price vector, 
a risk-neutral discount rate, and a computed value of 
risk. The present invention also enables a portfolio 
manager to determine if the instruments in a portfolio 
are fairly priced relative to the other instruments in 
the portfolio. As can be seen, a method and appara- 
tus according to the present invention can generate 
a risk-reward trade-off for any portfolio, independent 
of the market. 

The utility of the present invention is not limited 
to managing investment portfolios. Indeed, the tech- 
niques of the present invention can easily be adapted 
for application to any situation involving a risk/reward 
trade-off. For example, the present invention can be 
used by a distributor or retailer of goods to determine 
an optimal shipping strategy, determining the size 
and timing of shipments depending on anticipated de- 
mand. In such an application, the present invention 
can be used to select shipping schedules and ware- 
house locations by trading-off the risk of not meeting 
a demand against the expected profits. 

As another example, the present invention can be 
applied in the production field to select an optimal 
number of production facilities by trading-off the risk 
of not meeting a schedule against the cost of produc- 
tion. In yet another application, the present invention 
can be used to control a reservoir schedule; that is, 
to determine an optimal release schedule for water in 
a reservoir by trading-off the risk of not meeting a de- 
mand for either water or electricity against the cost of 
alternative sources of generating electricity. Addition- 
ally, the present invention may be used to determine 
whether hydro-electric power or fuel power should be 
generated, depending upon an expected likelihood of 
precipitation. As will be readily apparent to persons 
skilled in the art, the present invention can be readily 
applied to find the optimal solution to virtually any 
real-world problem requiring a trade-off between an- 



ticipated risks and desired rewards. 

The method of the present invention is specifical- 
ly designed for implementation in a computer system. 
In order to develop an optimal replicating portfolio, 
5 vast amounts of data concerning existing instru- 
ments, current and predicted future market condi- 
tions, and acceptable risk/reward tradeoffs must be 
stored and processed. One of the principal benefits 
of the present method over known methods of port- 

10 folio replication is the elimination of unrealistic as- 
sumptions about market conditions and future sce- 
narios formerly applied to simplify calculations. This 
benefit could not be achieved absent the processing 
power provided by the computer. 

15 The following is a description of some specific 

embodiments according to the invention, reference 
being made to the accompanying drawings, in which: 
Fig. 1 is a block diagram showing exemplary sys- 
tem hardware for a computer-based embodiment of 

20 the present invention. 

Fig. 2 is graphical illustration of the high-level 
programming objects of a computer-based embodi- 
ment of the present invention. 

Figs. 3 - 6 are graphs representing maximum 

25 risk-adjusted profit in various market situations. 

Fig. 7 is a graphical summary of the risk/reward 
relationship. 

Fig. 8 is a flow chart illustrating an embodiment 
of a method which may be used to generate buy/sell 

so recommendations designed to maximize risk- 
adjusted profit for a given portfolio. 

The present invention is directed to a method and 
associated apparatus whereby a user may determine 
an optimal course of action by selecting a suitable 

35 balance between a desired reward and the risk re- 
quired to attain that reward. Referring now to the 
drawings, Fig. 1 illustrates in block diagram form ex- 
emplary system hardware that may be used in a com- 
puter-based embodiment of the present invention. A 

40 central processing unit (CPU) 2 or other computer-ba- 
sed processor performs logical and analytical calcu- 
lations. In this embodiment, the CPU 2 operates on a 
"UNIX" brand or other "POSIX'-compatible platform 
under "MOTIF/X WINDOWS," and is portable to most 

45 workstation environments, including "SUN/OS" and 
"DEC/ULTRIX" workstations. The CPU 2 is coupled to 
a memory device 8, such as a high-speed disk drive. 
An input device 4 is coupled to the CPU 2, enabling 
a user to enter instructions and other data. The input 

so device 4 may include a keyboard, a mouse or a touch- 
sensitive display screen. An output device 6, such as 
a video display monitor, is provided to present textual 
and graphical information to a system user. The pres- 
ent invention ideally supports real-time data feeds 1 0 

55 and is capable of executing application programs 
written in the "C++" programming language using ob- 
ject-oriented programming techniques. 

While the present invention is applicable to virtu- 
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10 



ally any real-world situation requiring a trade-off be- 
tween reward and risk, for purposes of illustration the 
invention will be described in the context of an em- 
bodiment providing a computer-based system for use 
by an investment portfolio manager in creating a 5 
hedge against potential losses. In this context, a port- 
folio manager may use the system to create a repli- 
cating portfolio to serve as a hedge for a given target 
portfolio. The portfolio manager uses the input device 
4 to enter information relating to the target portfolio, 10 
any current holdings available for use in generating a 
replicating portfolio, and the time period for which a 
hedge is desired. Additional information may be pro- 
vided through the real-time data feed 10, and may 
consist of an interface to a real-time stock information 15 
service such as that provided by "REUTERS, LTD." 

The input information is then supplied to an ap- 
plication program running on the CPU 2, and may also 
be stored in memory 8. The application program in- 
cludes software modules capable of processing the in- 20 
put information to ultimately generate a set of buy/sell 
recommendations which the portfolio manager may 
execute to optimally insure the target portfolio against 
significant losses. These trading recommendations 
are based on decisions made by the portfolio man- 25 
ager relating to the optimal balance of anticipated re- 
ward and risk. Information may be presented to the 
portfolio manager on the output device 4 in the form 
of graphs, textual displays and printed reports. 

Referring to Fig. 2, in terms of object-oriented 30 
programming an interactive system 16 providing the 
application functions of the representative embodi- 
ment includes a scenario optimization object 12 and 
a simulation object 14. The scenario optimization ob- 
ject 12 may receive input relating to current, replicat- 35 
ing and target portfolios, future scenarios and user- 
specified weight values, prices of instruments, and 
values for attributes such as price sensitivity, time 
sensitivity and yield sensitivity. Using this input, the 
scenario optimization object 12 determines a set of 40 
reasonable scenarios and their probabilities. Alterna- 
tively, the scenario optimization object 12 may accept 
a user-defined set of scenarios and probabilities. The 
simulation object 14 permits a portfolio manager to 
perform "what-if" analyses for given prices, attribute 45 
values and scenario probabilities. The scenario op- 
timization object 12 can be used separately or in con- 
junction with the simulation object 14. 

In the embodiment of Fig. 2, the scenario optim- 
ization object 12 and the simulation object 14 are em- 50 
bedded in an interactive system 16. The interactive 
system 16 provides a front-end for users, and can be 
tailored for particular applications, such as determin- 
ing optimal hedges using multi-scenario optimization 
of hedging positions. The interactive system 16 pre- 55 
ferably includes a data management component and 
a graphical user interface. In other embodiments, 
either or both of the scenario optimization object 12 



or simulation object 14 can be embedded in other in- 
teractive systems 16 for performing other functions. 

An optimal portfolio replication system config- 
ured according to the present invention can provide a 
portfolio manager with the following useful informa- 
tion: 

(a) a set of buy/sell recommendations that maxi- 
mize risk-adjusted profit; 

(b) a risk/reward profile; 

(c) a state price vector; 

(d) a risk-neutral discount rate; and 

(e) a computed value of risk. 

Each of these outputs are explained below; however, 
a complete understanding of the present invention is 
aided by an examination of the underlying theoretical 
principles. These principles are discussed with refer- 
ence to an exemplary stochastic problem. 

Assume that a market includes a finite number N 
of available instruments, each of which can only be 
traded in finite amounts without affecting their price. 
In other words, the market exhibits finite liquidity. 
Further assume that a hedge is desired for a single 
time period, and that there are a known, finite number 
of possible scenarios S that may occur over this per- 
iod. Only one of these scenarios will have occurred at 
the end of the period; however, exactly which scenar- 
io will occur is unknown at the start of the period. 

Each agent i in this market is characterized by in- 
dividual preferences, which may be represented by a 
probability vector p 1 in a matrix R 8 whose components 
are the subjective probabilities of a future state oc- 
curring. Given any target portfolio in this exemplary 
market, the objective of a portfolio manager desiring 
a hedge is to find a replicating portfolio that behaves 
identically to the target portfolio for all possible future 
states; in other words, a perfect replication. 

To create a satisfactory replicating portfolio, let 

the set (q^ q 2 , qn) represent the known price of 

these replicating instruments at the start of the hedge 
period. Additionally, let the set (d^, d 2J d nJ ) repre- 
sent the value of these replicating instruments at the 
end of the hedge period if scenario j were to occur 
(where j = 1, 2 , S). This set of scenarios, repre- 
senting various combinations of values for different 
market factors, represents all of the uncertain events 
one would need to know in order to determine the 
state of the market at some point in the future. Tech- 
niques for determining such a set of scenarios are 
well known in the art, and thus are not explained in de- 
tail herein. 

The notation dj denotes the N-dimensional col- 
umn vector with entries (d^, d 2J , d nJ ). The N by S 

dimensional matrix D has as its columns the vectors 
dj (where j = 1,2 ,S). Similarly, the notation q de- 
notes the N-dimensional column vector with entries 

(qi, q 2 qN) ■ In this model, the replicating portfolio 

is represented by a column vector x. 

For purposes of this illustration, assume the tar- 
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get portfolio was bought at the beginning of the hedge 
period for a total cost c, and is subsequently sold at 
the end of the hedge period for a total price ts, where 
the vector t corresponds to the total sale price de- 
pending on which scenario actually occurs. As above, 5 
t denotes a column vector with entries (t 1( t 2 , t,) . 

According to the relationship represented by the 
above matrix, a perfect replication results from a 
portfolio that satisfies the equation: 

EjdjXj = t,;(i = 1 S) (EQ 1) ; 10 

or, in matrix form: 

D T x = t (EQ 2), 
where the superscript T denotes the transpose of the 
matrix D. Here, D T x represents the value of a replicat- 
ing portfolio under each of the predefined future see- f 5 
narios, while t represents the value of a target port- 
folio under all of these scenarios. 

Aso-called complete market is one in which there 
always exists a portfolio x that perfectly replicates an 
arbitrary target portfolio; that is, there always exists 20 
an x satisfying equation (2) for an arbitrary t. A com- 
plete market arises when the market is sufficiently 
rich so that there are always more "independent" in- 
struments than scenarios. Two given instruments are 
independent if their prices are not merely a simple 25 
multiple of one another. In other words, independent 
instruments exhibit different behavior (i.e., values) 
under different scenarios. Unfortunately, real mar- 
kets are incomplete. 

The above formulation does not determine if or 30 
when a perfect replicating portfolio exists in a given 
market. If a perfect replication does not exist, a port- 
folio manager will wish to create a "best," albeit imper- 
fect, replication. Here, "best" refers to a smallest pos- 
sible error in terms of some mathematical norm. 35 

To this end, let E(.) denote an expectation oper- 
ator. According to the teachings of the Dembo article 
and the Dembo and King article cited above, a regret 
function R is defined as: 

R = E<||DTx - t|[) (EQ 3). 40 
Thus, the regret function measures the expected dif- 
ference between the value of a given portfolio x and 
the target portfolio at some horizon time in the future. 
In other words, R represents a comparison between 
what one can achieve with a given decision today and 45 
what one could achieve with perfect foresight, since 
with perfect foresight all possible scenarios and their 
corresponding probability distributions would be 
known at the start of the hedge period. A replication 
portfolio with zero regret will perfectly match the tar- 50 
get portfolio under all possible outcomes. Another in- 
terpretation of regret is the value of residual or known 
risk in the replicating portfolio. 

A related function, termed downside regret DR, is 
defined as: 55 

DR = E (|| (D T x - t)_||) (EQ 4). 
This function represents a form of regret in which only 
negative deviations from the target are considered. In 



practice, downside regret may be more useful to a 
portfolio manager since positive deviations from a 
target portfolio are generally considered desirable. 

As noted above, in a complete market it is always 
possible to identify a replicating portfolio x such that 
regret R is zero for a given target portfolio and distrib- 
ution of scenarios. Further, where zero regret is not 
achievable, it is desirable to obtain a replicating port- 
folio that is as close as possible to zero regret. Accord- 
ingly, a function termed minimum regret MR may be 
defined as: 

MR = Minimize, ... E(||D T x - t||) (EQ 5). 
Complete markets are therefore characterized by MR 
= 0 for all t, while incomplete markets have MR s 0. 

According to these relationships, it is possible to 
determine a minimum regret portfolio x*, being the 
portfolio with the smallest possible residual risk that 
can be obtained without perfect foresight. In terms of 
the regret function, x* is the optimal replicating port- 
folio that minimizes residual risk. Thus, along position 
in the target portfolio and a short position in x* (or vice 
versa) is the best available hedge in the face of un- 
certainty. 

The foregoing model, while theoretically useful, 
is nonetheless deficient. Like known techniques 
based on the Black-Scholes theory, the model has 
not taken into account the cost of the hedge itself. The 
trade-off between the cost of a hedge and the quality 
of protection it offers, however, is the very essence of 
a sound hedging methodology. A principle benefit of 
the present invention, representing a significant ad- 
vance over the art, is that it enables a portfolio man- 
ager to accurately analyze this trade-off in making 
hedging decisions. 

The cost of a hedge can be determined in a num- 
ber of ways. For example, the cost of a hedge can be 
computed as the initial cost of purchasing the replicat- 
ing portfolio, denoted q T x. This, however, does not ac- 
count for the value of the portfolio at the horizon (that 
is, at the end of the hedge period). The measure used 
by the present invention is based on the expected 
profit or loss over the life of the hedge, which may be 
computed as follows. 

Consider, for example, an issuer (such as a bank 
that wants to issue an index-linked note) who sells a 
target instrument short at the start of a hedge period 
and covers the position with a multi-scenario hedge 
obtained by replication. The position can then be 
closed out at the end of the period. The accounting for 
this transaction would be: 

Start of period: 

0 income c from selling the target instrument 
0 less cost q T x of purchasing the replicating port- 
folio 
End of period: 

0 expected payoff E(D T x) from selling the repli- 
cating portfolio 
0 less expected cost E(t) of repurchasing the tar- 
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get to close-out the deal. 
Thus, the present-day value of the expected profit 
from the deal is: 

r 1 E(D T x - t) + (c - qTx) (EQ 6), 
where 1 + r is the interest rate over the hedge period. 5 

According to the present invention, a parametric 
optimization function that describes the risk/reward 
trade-off can be described as follows: 

MR(K) = Minimize, r 1 E(||D T x - t||) (EQ 7) 

subject to: r 1 E(D T x - t) + (c - qTx) a K (EQ 8). 10 
Inequality (8) states that the deal should be expected 
to make at least K dollars. The parameter K, the ex- 
pected profit, may be positive or negative. Since 
MR(K) is an implicit function which is monotonic non- 
increasing in K, the higher the profit to be taken from 1 5 
the deal, the higher the residual risk (minimum re- 
gret). In short, MR(K) is the minimum cost of risk as- 
sociated with a deal that will yield a desired profit K. 
As the risk changes, so too does the expected profit. 

Unlike known methods of portfolio replication, 20 
the present invention enables a portfolio manager to 
choose an optimal expected profit K based on the lev- 
el of risk the portfolio manager deems acceptable. 
This optimal value of K may be determined as follows. 
To make an expected profit of K, an issuer must ex- 25 
pend a cost of risk equal to MR(K). Thus, the risk- 
adjusted profit for the deal is: 

K - MR(K) (EQ 9). 
To maximize this risk-adjusted profit, the system ac- 
cording to the present invention solves the equation: 30 

Maximize K K - MR(K) (EQ 10). 

The solution to this problem may be represented as 
K*, which occurs at X = 1, where X represents a mar- 
ginal cost of risk that is exactly equal to a marginal 
benefit from assuming that risk. This condition is rep- 35 
resented graphically in Figs. 3-6. 

Fig. 3 shows a graph that may be used to deter- 
mine a maximum risk-adjusted profit for a given mar- 
ket. The horizontal axis 20 represents expected profit, 
while the vertical axis 22 represents residual risk 40 
(measured as minimum regret). This particular graph 
illustrates a complete market with no arbitrage; that 
is, perfect replication is possible. The line 24 of the 
function K represents expected profit (in dollars). As 
can be seen, it is necessary to assume some degree 45 
of risk to attain an expected profit greater than zero. 
Line 28 represents the cost of the risk MR(K) for this 
market situation, which is calculated according to 
equation (5) above. As shown, the cost of the risk 
MR(K) is greater than zero for all expected profits K 50 
greater than zero. A portfolio manager will wish to de- 
termine the maximum risk-adjusted profit that can be 
made in this market situation. The maximum risk- 
adjusted profit will occur at the point where the differ- 
ence between the expected profit K and the cost of 55 
the risk MR(K) is greatest. Graphically, this occurs 
where a perpendicular 32 drawn from line K to line 
MR(K) is longest. Here, point 34 represents the max- 



imum risk-adjusted profit. 

The portfolio manager will also be interested in 
the cost of a replicating portfolio that will achieve this 
maximum risk-adjusted profit. Here, the tangent to 
the curve MR(K) at K* (30) represents the shadow 
price of the expected profit constraint (8) and has a 
slope of 1 . Since Fig. 3 shows a complete market with 
no arbitrage, the cost c of a perfect replicating port- 
folio x* (that is, the minimum regret portfolio) may be 
represented by c = q T x*. 

Those skilled in the art will readily recognize the 
practical value of the present invention. A portfolio 
manager can use such information to determine the 
desirability of assuming additional risk beyond that 
associated with the maximum risk-adjusted profit. In 
the market of Fig. 3, for example, the portfolio man- 
ager will see that risk rises dramatically in relation to 
any additional profit that may be attained. 

The graph of Fig. 4 represents the risk-reward 
trade-off in an incomplete market in which there is no 
arbitrage. As shown, perfect replication is not possi- 
ble. Here, the risk-adjusted profit MR(K) for a zero 
profit (K = 0) is greater than zero. Thus, there is some 
risk involved with obtaining even a zero profit (that is, 
there is always a risk of loss). 

By contrast, the graph of Fig. 5 represents a case 
where the maximum risk-adjusted profit MR(K) is 
greater than the expected profit K. Accordingly, the 
deal would always yield a risk-adjusted loss. A ratio- 
nal portfolio manager would never undertake such a 
deal. 

The graph of Fig. 6 represents a market where ar- 
bitrage is possible. The market may be complete or 
incomplete. At point K a , the risk is zero but the profit 
is greater than zero; thus, riskless arbitrage is possi- 
ble. Nonetheless, even in this case a portfolio man- 
ager may wish to maximize the risk-adjusted profit by 
seeking a profit K* which bears some degree of risk 
(i.e., MR(K') > 0), rather than take the riskless profit 
of K„. 

From the foregoing discussion, it will be apparent 
that a method and apparatus according to the present 
invention provides a portfolio manager with a power- 
ful decision-making tool. Using the present invention, 
it is now possible for a portfolio manager to analyze 
the cost of a hedge in relation to a range of expected 
profits and risks. 

Fig. 7 summarizes the relationship between risk 
and reward, and how this relationship relates to dif- 
ferent types of investors. In the graph of Fig. 7, the 
vertical axis represents minimum regret (i.e., the cost 
of risk) and the horizontal axis represents the expect- 
ed profit. Thus, the parabolic curve represents the 
cost of risk associated with a given profit that can be 
taken from the transaction. The point on the curve 
where a tangent line has a slope equal to one is the 
risk-neutral point, or the point where the marginal cost 
of risk equals marginal reward. In other words, a sin- 
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gle unit of risk yields a single unit of reward. Given this 
relationship, investors who are risk-averse will opt for 
a degree of risk somewhere to the left of a line drawn 
perpendicular to the tangent, where the marginal cost 
of risk is less than the marginal gain in profit. That is, 
a single unit of risk yields more than a single unit of 
reward. Conversely, investors who are risk takers will 
opt for a degree of risk to the right of the perpendicu- 
lar, where a single unit of risk yields less than a single 
unit of reward. An important feature of the present in- 
vention is the ability to map a relationship of the type 
shown in Fig. 7, thereby enabling a portfolio manager 
to make reasoned decisions on the desirability of un- 
dertaking a certain degree of risk. 

Fig. 8 illustrates in flow chart form an exemplary 
method by which a portfolio manager may use the 
present invention to create a replicating portfolio us- 
ing a computer-based system. In step 50, the portfolio 
manager would first supply the system with certain re- 
quired input information. In this embodiment, the in- 
put information includes the composition and attri- 
butes of a target portfolio, market parameters, the in- 
struments available for use in constructing a replicat- 
ing portfolio, and any current holdings. In step 52, the 
system uses the input information to determine the 
maximum possible expected profit under the given 
market conditions according to equation (8) above. 
This step includes determining the largest expected 
profit K for which equation (8) is feasible. Risk is not 
yet taken into account Next, in step 54, the system 
analyzes the risk-adjusted profit using equation (9) 
for decreasing levels of profit. This process stops at 
step 56 when a maximum risk-adjusted profit is deter- 
mined; that is, the value of K that maximizes the dif- 
ference between expected profit and the cost of risk 
(K - MR(K)). In this manner, the entire risk/reward 
curve may be generated. 

Finally, in step 58, the system uses the previous- 
ly-supplied information about available replicating in- 
struments to generate a set of suggested trades that 
will produce a replicating portfolio designed to ensure 
the maximized risk-adjusted profit is achieved. Math- 
ematically, the column vector x used to define the 
cost of risk MR(K) in equation (7) represents the 
trades that should be made to convert the current 
portfolio to a new suggested portfolio associated with 
the maximum risk-adjusted profit. 

In yet another practical application, a system con- 
figured according to the present invention can be 
used to determine a risk-reward profile for a portfolio 
structure according to an investment strategy based 
on a certain stock index, such as the Standard & Poor 
(S & P) 500. Using the principles outlined above, the 
system can determine whether the investor should in- 
crease or decrease exposure to this index, or whether 
the investor is already at an optimal risk-adjusted pos- 
ition. In such an application, details of the portfolio are 
input to the system and used to calculate an associ- 



ated measure of the regret function. A potential deal 
(or series of deals) is then formulated, after which an 
expected profit from the deal is determined. The sys- 
tem then determines if the risk can be decreased 
5 without decreasing the expected profit. Alternatively, 
the system can determine if there can be an increase 
in the expected profit without substantially increasing 
the risk. 

In a risk neutral world, every security would have 

10 the same rate of return: the riskless rate of interest. 
Such is clearly not the case in the real world. It is 
therefore desirable to have some method for comput- 
ing prices. A state price vector provides this benefit. 
A given security can have one of a number of val- 

15 ues at some specific future date. Those values can 
be represented by a matrix d, consisting of elements 
dy, where dy represents the value of the security i at 
the future date upon occurrence of a specific scenar- 
io j. The current value of the security can be repre- 

20 sented by q, a known quantity. Assume further that 
one has perfect information, but not perfect foresight; 
that is, one knows the range of scenarios that could 
possibly occur, but not the particular scenario which 
will actually occur. With these assumptions, a state 

25 price vector is a set of numbers ni.. n that discount the 
future price of the security in a manner consistent 
with current prices. Stated mathematically: 
q = 2 w 1 d 1 + jt 2 d 2 + jc 3 d 3 + ... + jt n d„ (EQ 11). 
The state price vector has significant utility in the 

30 context of the present invention, with reference to the 
portfolio replication embodiment Suppose a new 
derivative instrument is created. Although its price is 
not known, similar derivatives may exist in the mar- 
ket. For example, the new derivative (i.e., the target) 

35 may be a three-year option on the S & P, where only 
two-year options exist in the marketplace. In such a 
situation, the state price vector may be used to com- 
pute a fair price for the new instrument. 

Using the above example, the present invention 

40 can produce a state price vector that will correctly 
price the two-year options needed to replicate a 
three-year option over some period less than 2 years. 
If the state price vector is applied to the three-yearop- 
tion, the present invention will obtain a price that is 

45 reasonable, without arbitrage (that is, one could not 
buy the three-year option and immediately sell its 
components at a profit). Assume for purposes of this 
example that one can obtain a zero regret; that is, the 
three-year option can be perfectly replicated using 

so the two-year options. Since perfect replication is as- 
sumed within the two-year period, there will be no 
risk. Furthermore, for all instruments in the replicat- 
ing portfolio, one knows the set of numbers P that will 
give today's price when multiplied by the future pos- 

55 sible values. Accordingly, for example, if one sells 
short the three-year option and buys a portfolio of the 
two-year options, at the end of the period, regardless 
of what occurs, the portfolio will have the same total 
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value. Thus, one can buy back the three-year option 
at the end of the period and sell the replicating port- 
folio of two-year options and owe nothing. In short, 
the state price vector is the set of numbers that trans- 
form uncertain future prices in a manner that is con- 
sistent with today's price. Unfortunately, real-world 
markets do not contain a large enough number of in- 
struments to permit a perfect replication. 

The theory underlying the state price vector fea- 
ture of the present invention can be explained as fol- 
lows. A market price vector is a single vector that 
transforms uncertain prices at the end of a period, in 
a consistent manner, into prices known with certainty 

The market price vector is represented by a non- 
negative vector V in R s that satisfies the following 
conditions: 

D¥ = q (EQ 12) 
fry = c (EQ13), 
for an arbitrary vector t in R s . Where t is a given, non- 
arbitrary target vector, a vector satisfying EQ 12 and 
EQ 13 is referred to as a target price vector. 

As before, D represents the future value of the 
replicating portfolio under all predetermined future 
scenarios and q represents the price of the replicating 
portfolio in today's dollars. *F, then, is the collection 
of numbers required to collapse the future, uncertain 
values in D into a price that is consistent with prices 
in today's market 4* may thus be viewed as a weight- 
ed average or discounting number. 

If the vector V is independent of investor prefer- 
ences, the market price vector may be used to devel- 
op a set of risk-neutral probabilities. Let p represent 
the sum of these vectors + ¥ 2 + + Ys- Then co 
= Tp may be viewed as a vector of probabilities 
(where co has positive components that sum to 1). 
These probabilities are considered risk-neutral be- 
cause they are independent of investor preferences. 

The risk-neutral discounted present value of fu- 
ture payoffs must be equal to today's prices. Accord- 
ingly, equations (12) and (13) may be written as: 
(p-i)Dffl = q (EQ 14) 
(p- 1 )t T co = c (EQ15) 
Here p~ 1 represents a risk-free discount factor for the 
period and co represents the risk-neutral probabilities. 

From a practical standpoint, a portfolio manager 
will wish to determine whether a market or target price 
vector exists, whether it is unique, and the relation- 
ship between the existence of such a vector and ar- 
bitrage. The present invention employs duality theory 
to provide this information. 

The one-norm minimum regret model used above 
to explain the principles of the present invention may 
be transformed into the following linear programming 
primal/dual pair. 

PRIMAL: 

MR(K) = Minimize p T (y + , y") (EQ 16) 
Subject to: 



- y + + y" + P- 1 D t x = p- 1 t; (n) (EQ 17) 
P T (Y T - V") - q T x SK - c:(X) (EQ 18) 

y + - r a 0 (EQ 19), 
where p is some vector of scenario probabilities. 
5 DUAL: 

Maximize p- 1 t T 7t + (K - c)X (EQ 20) 
Subject to: 

p-'Dw - Xq = 0; (x) (EQ21) 
-p£ re - Xpsp:(y + ,y-) (EQ 22) 
10 X a 0 (EQ 23). 

It can be shown that for any finite x (replicating 
portfolio) and arbitrary, finite t (price of target portfo- 
lio), the primal is feasible and bounded for some suf- 
ficiently small K (expected profit). Therefore, by dual- 
's ity theory, the dual must also be feasible and bound- 
ed. 

Under constraint (17) above, the vector kIX rep- 
resents a market or target price vector where X a 1, 
since itftao. Since X may be made arbitrarily large 
20 by adjusting the expected profit K, there always ex- 
ists a market/target price vector for an appropriate 
choice of K. 

The dependence of % on p (that is, the subjective 
preferences of market participants) arises in EQ 22. 

25 If these constraints are redundant, as they would be 
if y + , y~ = 0 (the zero regret case), then n is indepen- 
dent of these preferences. Thus, for X a 1 , nIX may be 
used to derive risk-neutral probabilities for the mar- 
ket, and p~ 1 multiplied by the sum of the elements of 

30 nIX will be the risk-free rate for the market 

Since the constraints of the dual are independent 
of the target t, the dual may be solved for a number 
of different targets with only marginally greater com- 
putational effort than is required to solve for one tar- 

35 get alone. This observation, together with the above 
discussion, is the basis for using these models for 
pricing securities. 

In most hedging situations, minimizing downside 
regret is often more useful than minimizing regret it- 

40 self. A portfolio manager, for example, often only 
cares about eliminating errors that could hurt a posi- 
tion, not those that could enhance it. 

Where only downside errors are to be minimized, 
the existence of a market or target price vector can be 

45 guaranteed by applying a slightly weaker requirement 
on X. This situation may be represented in terms of 
the model as follows. 
PRIMAL: 

MDR(K) = Minimize pV (EQ24) 
so Subject to: 

- y + + y- + p-iDT = p -'t; (n) (EQ 25) 
P T (y + - f) - q T « = K - c;(X) (EQ26) 

y + , y-aO (EQ 27) ; 

55 DUAL: 

Maximize p-Vn + (K - c)X (EQ 28) 
Subject to: 

MDrc - Xq = 0; y (EQ 29) 

10 
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Xp £ k; (y + ) (EQ 30) 
*-XpSp;(y-) (EQ31) 
X S 0 (EQ 32). 
As shown, % § 0 for all dual feasible solutions (from 
EQ 30). Since n > 0 if X > 0, nJX represents a market 5 
price vector for all dual feasible solutions with X > 0 
(assume that p > 0). 

Minimizing only downside regret may be particu- 
larly advantageous for hedging purposes. According 
to the above constraints, EQ 30 is active if y + > 0. 10 
Thus, in such a case, re is dependent on the subjective 
preferences of investors (i.e., n = Xp). The influence 
of investor preferences is acceptable when hedging, 
since hedging is the purchase of insurance based on 
a subjective assessment of the future. However, the 15 
ability to generate risk-neutral probabilities that are 
independent of investor preferences is most useful for 
pricing securities, and that can only be guaranteed 
when a minimum regret formulation yields a perfect 
replication with zero regret. By the above formulation, 20 
as soon as there is any regret, either upside or down- 
side (i.e., y + > 0 or y~ > 0), % will depend on investor 
preferences (p). In such cases, risk-neutral valuation 
is not possible. However, an analogous extension is 
provided by "benchmark-neutral pricing." That is, the 25 
original state price vector % may be used to price any 
new instrument relative to a particular target or 
benchmark chosen. 

Benchmark-neutral pricing enables one to deter- 
mine a fair price for a new instrument under market 30 
conditions where perfect replication is impossible. 
The primal/dual equations above (i.e., EQ 16-23) still 
hold, since the dual constraints remain feasible and 
the dual solution remains optimal if the new instru- 
ment is priced "correctly." That is, 35 

^Qiww = P~ 1 (Dn«w) T rc; (XneJ (EQ 46). 

The primal also remains optimal with x now = 0. In light 
of the above, it can be seen that benchmark-neutral 
pricing is equivalent to risk-neutral pricing in complete 
markets. 40 

The ability to detect mispricing using a market or 
target price vector represents a powerful feature of 
the present invention. Consider a situation in which 
one wishes to examine whether or not a security or 
portfolio is mispriced in a given market over some giv- 4S 
en period of time. Assume a set of future scenarios 
has been determined, and a set of replicating instru- 
ments with known, correct prices is available. In 
terms of the mathematical model, the target is the se- 
curity or portfolio to be analyzed, with c representing so 
its market price. Thus, the value of the target at the 
end of the period under each of the scenarios S can 
be represented by the components of a vector t. Using 
this information, a system according to the present in- 
vention can ascertain whether or not the target secur- 55 
ity or portfolio is overpriced, underpriced or fairly 
priced relative to the market. 

Pricing analysis using the present invention is 



based on the observation that a rational way to view 
whether or not an instrument is mispriced, given the un- 
certainty of future events, is to examine the maximum 
expected risk-adjusted profit obtained when attempting 
to replicate it Thus, according to the primal/dual rela- 
tionship at optimality discussed above, we have: 

MR(K) = p- 1 tT7t + (K - c)X (EQ 33). 
Solving this equation for the price of the target c gives: 

c = p- 1 t T (jc/X) + K - MR(K)/X (EQ 34). 
If the target is fairly priced and there is no arbitrage, 
then both the expected profit and the maximum risk- 
adjusted profit will equal zero (that is, K = MR(K) = 0) 
and nIX represents a state price vector. 

As noted previously, minimum regret MR(K) and 
minimum downside regret MDR(K) are interchangeable 
in the primal dual equations depending on the purpose 
of the analysis. Accordingly, we choose X* = 1 so that 
the expected risk-adjusted profit (i.e., K* - MDR(K*)) 
is maximized, and the price of the target may be rep- 
resented as: 

c = p- 1 t T rc + {K * - MDR(K * )} (EQ35). 
Here, the difference K* - MDR(K*) indicates the ac- 
curacy of the price of the target. A difference that is 
positive, zero or negative respectively indicates the 
target is overpriced, fairly priced or underpriced. 
Thus, by straight-forward application of the principles 
of the present invention, a portfolio manager can 
make decisions concerning the price of market instru- 
ments on a more-informed basis than was previously 
possible. 

Mispricing is possible even in a complete market 
(although such mispricing could not persist for long 
periods without the market arbitraging it away). The 
present invention enables determination of a true 
equilibrium price for an instrument even in an incom- 
plete market. 

In a complete market, there exists a zero regret 
primal optimal solution which satisfies the condition: 

y + , y" = 0; D T x = t (EQ 36). 
With such a constraint, the primal reduces to: 
MR(0) = Minimize 0 (EQ 37) 
Subject to: 

P -iDTx = p («) (EQ38) 
- q T x a K - c; (X) (EQ 39). 
The dual therefore reduces to: 

Maximize p- 1 t T rc + (K - c)X (EQ 40) 
Subject to: 

p~ 1 Drc - Xq = 0; (x) (EQ41) 
X is 0 (EQ 42). 
A no-arbitrage situation is represented by the special 
case in which K = 0; X > 0. Note that X is strictly pos- 
itive since the no-arbitrage condition implies that for 
K > 0 regret can no longer be zero. Since the reduced 
primal and dual must have equal values at the opti- 
mum, it follows that: 

p- 1 t T re + (K - c)X = 0 (EQ43). 
Since X is positive when EQ 41 is active at the opti- 
mum, EQ 43 becomes: 
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p- 1 t T ()i/X) = c - K (EQ44). 
Here, if n > 0 (which is guaranteed when minimum 
downside regret MDR is used), n I X is a state price 
vector provided that the price of the target was adjust- 
ed to c - K. Thus, for zero regret portfolios, the expect- 5 
ed profit K may be interpreted as the degree of mis- 
pricing in the market As before, where K > 0, the tar- 
get is overpriced; where K = 0, the target is fairly 
priced; and where K < 0, the target is underpriced. 

Price analysis according to the present invention 10 
conforms with logic and market observation. By def- 
inition, mispricing in a complete market can only occur 
in the presence of arbitrage. When there is no arbi- 
trage, K = 0 for X > 0, thus: 

p-U T (it/X) = c (EQ45). 15 
which indicates that the target's price must be a fair 
one and that n/X is a target price vector. Accordingly, 
if investors are assumed to function according to a 
minimum downside regret criterion, a market or target 
price vector will exist if and only if there is no arbi- 20 
trage. 

The state price vector represents an advanta- 
geous extension of the practical utility of the present 
invention. For example, a portfolio manager may per- 
form a replication to identify a set of transactions 25 
which will result in an optimal risk-adjusted portfolio. 
Applying the duality principles discussed above, the 
portfolio manager may then determine a state price 
vector which can be used to indicate whether the in- 
struments comprising this optimal portfolio are fairly 30 
priced. It will be readily apparent to persons skilled in 
the art that the present invention thus enables a port- 
folio manager to guard against losses with a degree 
of accuracy and predictability not previously possible. 

In summary, given a set of financial instruments, 35 
their prices today, and their prices under all scenarios 
at some horizon date, a system configured according 
to the present invention enables a user such as a 
portfolio manager to compute a minimum regret port- 
folio (that is, one in which the cost of risk is minimized) 40 
and a corresponding state price vector. If minimum re- 
gret is zero, the state price vector produces a set of 
risk-neutral probabilities which may be used to com- 
pute a risk-neutral price for an arbitrary new security. 
If minimum regret is not zero, there is no risk-neutral 45 
price; however, a benchmark-neutral price may be 
computed. The approach of the present invention is 
constructive in that it not only produces a price, but it 
also produces a replicating portfolio that has that 
price. Such a replicating portfolio may advantageous- 50 
ly be used as a hedge. 

The foregoing describes a method for determin- 
ing whether a given market instrument is fairly priced, 
whereby an optimal replicating portfolio is generated 
for the market instrument The optimal replicating 55 
portfolio represents a maximum risk-adjusted profit, 
under a predetermined set of future scenarios, corre- 
sponding to a marginal cost of risk that is equivalent 



to a marginal benefit to be obtained by assuming that 
risk. A value corresponding to the maximum risk- 
adjusted profit associated with the replicating portfo- 
lio is then determined and used to indicate whether 
the market instrument is fairly priced; that is, the mar- 
ket instrument is deemed to be overpriced when the 
value is positive, fairly priced when the value is zero, 
and underpriced when the value is negative. 

The foregoing also describes a computer-based 
apparatus for determining an optimal replicating port- 
folio for a given target portfolio of market instruments. 
The computer-based apparatus includes a memory 
and an input device, with the input device including a 
means for defining a target portfolio, a means for de- 
fining a set of available market instruments from 
which the replicating portfolio may be constructed, a 
means for defining a set of future scenarios, wherein 
each member of the set associates a future value with 
a market parameter, and a means for defining a hor- 
izon date and a minimum required profit attainable 
from the replicating portfolio at the horizon date. In 
addition, the computer-based apparatus includes a 
processor coupled to the input device and the mem- 
ory, and having a means for determining a trade-off 
between risk and expected profit for an arbitrary rep- 
licating portfolio, a means for determining a maxi- 
mum risk-adjusted profit using the set of future sce- 
narios and the trade-off between risk and expected 
profit, wherein the maximum risk-adjusted profit cor- 
responds to a marginal cost of risk that is equivalent 
to a marginal benefit to be obtained from assuming 
that risk, and a means for determining a set of trans- 
actions required to create a replicating portfolio from 
the set of available market instruments that will ach- 
ieve the maximum risk-adjusted profit. 

While the present invention has been described 
with reference to specific embodiments, persons skil- 
led in the art will recognize that many modifications 
and variations are possible. Accordingly, the present 
invention is intended to cover all such modifications 
and variations that fall within the spirit and scope of 
the appended claims. 



Claims 

1. A computer-based method for determining an op- 
timal replicating portfolio for a given target port- 
folio of market instruments, the method compris- 
ing the steps of: 

(a) defining the target portfolio; 

(b) defining a set of available market instru- 
ments from which the replicating portfolio 
may be constructed; 

(c) defining a set of future scenarios, wherein 
each member of the set associates a future 
value with a market parameter; 

(d) defining a horizon date and a minimum re- 
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quired result attainable from the replicating 
portfolio at the horizon date; 

(e) calculating a trade-off between risk and 
expected profit risk/reward parameter for an 
arbitrary replicating portfolio; 

(f) calculating a maximum risk-adjusted result 
using the set of future scenarios and the 
risk/reward parameter, wherein the maximum 
risk-adjusted result corresponds to a marginal 
cost of risk that is equivalent to a marginal 
benefit to be obtained from assuming that 
risk; and 

(g) generating a set of transactions required 
to create a replicating portfolio from the set of 
available market instruments that will achieve 
the maximum risk-adjusted result. 

2. The method according to claim 1, further com- 
prising the step of computing a risk premium 
caused by an inability to determine a replicating 
portfolio that is a perfect replication of the target 
portfolio. 

3. The method according to claim 1, further com- 
prising the step of computing a price for the rep- 
licating portfolio by discounting a future price of 
the replicating portfolio according to a current 
price of a known market instrument. 

4. The method according to claim 3, wherein said 
step of computing a price for the replicating port- 
folio further comprises calculating a state price 
vector and applying the state price vector to the 
future price of the replicating portfolio. 



risk; 

(c) a portfolio replication module to generate 
a set of transactions that will create the opti- 
mal replicating portfolio from a subset of the 
set of available market instruments; and 

(d) an output module to provide a user of said 
apparatus with information relating to the op- 
timal replicating portfolio. 

7. The apparatus of claim 6, further comprising a 
price calculator programmed to compute a cur- 
rent price for a financial instrument consistent 
with a current price of a known market portfolio. 

8. The apparatus of claim 7, wherein said price cal- 
culator computes a state price vector for dis- 
counting the future price of the financial instru- 
ment. 

9. The apparatus of claim 6, wherein said optimiza- 
tion module calculates a risk/reward parameter 
representing a trade-off between the minimum 
result to be achieved and a degree of risk required 
to achieve that minimum result. 

10. The apparatus of claim 6, wherein said input 
module comprises a real-time data feed. 



The method according to claim 1, further com- 
prising the step of executing the set of transac- 
tions to create a replicating portfolio from the set 
of available market instruments to achieve the 
maximum risk-adjusted result. 

A computer-based apparatus for generating an 
optimal replicating portfolio for a given target 
portfolio of market instruments, the apparatus 
comprising: 

(a) an input module to accept information in- 
cluding a target portfolio definition, a set of fu- 
ture scenarios, a set of available market in- 
struments, and a minimum result to be ach- 

(b) an optimization module to calculate an op- 
timal replicating portfolio associated with the 
target portfolio, the set of future scenarios, 
and the minimum result to be achieved, 
wherein the optimal replicating portfolio rep- 
resents a set of market instruments for which 
a marginal cost of risk is equivalent to a mar- 
ginal result to be obtained from assuming that 
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(54) Method and apparatus for optimal portfolio replication 

(57) The disclosure relates to a method and appa- 
ratus for determining an optimal replicating portfolio for 
a given target portfolio involves an initial step wherein a 
user defines a target portfolio to be replicated, a set of 
available market Instruments from which the replicating 
portfolio may be created, a set of future scenarios, a ho- 
rizon date, and a minimum profit to be attained. A rep- 
resentation of the trade-off between risk and expected 
profit for some arbitrary replicating portfolio is then de- 
termined and used to calculate a maximum risk-adjust- 
ed profit. The maximum risk-adjusted profit reflects that 
level of return that may be achieved with an optimum 
degree of risk; that is, it reflects that point in the risk/re- 
ward trade-off where a marginal cost of risk is equivalent 
to a marginal benefit attainable by assuming that risk. 
The method then uses the predefined set of available 
market instruments to identify a set of transactions that 
will create a replicating portfolio that will achieve the 
maximum risk-adjusted profit. The method and appara- 
tus also derives the information required to compute a 
risk premium for pricing of portfolios in incomplete mar- 
kets, and performs the computation. 
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